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1. Introduction 

Gravity is the first interaction to be successfully modeled in modern science. It also remains 
todate probably the least understood. There are two main reasons that set gravity apart 
from the other main known interactions. The first is the fact that the (very successful) 
classical theory of general relativity is at best an effective field theory as a quantum field 
theory (QFT), giving no useful clues on its UV completion. The second is that there is a 
major clash between our understanding of QFT and gravity summarized in the cosmological 
constant problem, as epitomized by the recent observation of the "dark energy" filling the 
universe. 

Along with the problems came new ideas on the structure and UV completion of 
gravity. One input comes from string theories which provide a perturbative quantum 
completion of gravity theory, well controlled once energy transfers remain much smaller 
than the Planck scale. Another comes from large-N holographic ideas that relate a host of 
adjoint large-N theories to string theories (containing gravity). 

Closed string theory generically predicts gravity. Fundamental string theories provide 
a consistent (perturbative) quantization of gravity. Despite its successes, string theory, 
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although well defined at energies below or at the string scale, breaks down at energies 
close to the Planck scale. In particular, the perturbation theory breaks down due to the 
strong effective gravitational coupling. Despite speculations, the nature of the extreme UV 
degrees of freedom of the theory is still obscure. 

It was suggested in section 7.8 of |l[ and elaborated further in Q that all interactions in 
nature are described by four-dimensional quantum field theories. In particular observable 
gravity is the avatar of a ("hidden" in the IR) large-N gauge theory, that couples to 
SM matter via bifundamental fields. Moreover, a geometrization of this picture suggests 
the existence of a (Copernican) chaotic brane universe where the SM is represented by 
an appropriate local stack of branes embedded in a higher dimensional universe filled with 
other branes whose relative motion is responsible to a large degree for the "local cosmology" 
observed in our universe, ||, [lj. In a sense, this postulate includes a new level of structure 
in the cosmos, as well as "extra dimensions". Such dimensions beyond the four observed 
ones are emergent in this picture. 

In this postulate, gravitons are composite at high energies and their constituents are 
"large-N gluons". Today, such a postulate raises few eyebrows due to the Maldacena 
conjecture ||] and subsequent works in the last decade. 

Since the early work of 't Hooft || it was understood that the low-energy limit of 
large N-gauge theories is described by some string theory. The gauge theory versus string 
theory/gravity correspondence is a more precise indication that gravity can be realized as an 
effective theory of a four-dimensional gauge theory. The inverse is also true: fundamental 
string theory in some backgrounds describes the physics of theories that at low energy are 
standard gauge theories. Although bulk-boundary duality is a concept transcending that 
of four-dimensional gauge theories, it is most powerful in the four-dimensional cases. 

The lesson of AdS/CFT correspondence is that any gauge theory has a dual grav- 
ity/string theory. The idea of 't Hooft that gravity must be holographic @ indicates that 
a gravity theory must have a dual gauge theory description. 1 

The approach advocated in Q has some similarities but also important differences with 
ideas in || [|| and [fTof . The interplay between gauge theory and gravity was suggested by 
black hole thermodynamics considerations and gave a new view on the thermodynamics 
of gravity. This view is partly captured by Jacobson's observation that GR dynamics in 
many cases is a consequence of the first law of thermodynamics, [11] and Verlinde's recent 
reformulation of gravity as an entropic force, p2|. 



The suggestion, after holography, is that string and gravity theories can be defined by 
many QFTs, notably, two-dimensional cr-models, four-dimensional gauge theories, but also 
three-dimensional Chern-Simons theories and six dimensional CFTs. 2 In this paper we will 
explore how four-dimensional gauge theories give hints on the existence of (super) string 
theories living in dimensions between 26 and 10 dimensions. 



1 We are using the term gauge-theory in a loose sense to include adjoint and bifundamental QFTs. There 
is a distinction between "color" that stands for a gauge degree of freedom, and "flavor" that stands for 
ungauged degrees of freedom. 

2 In the 3 and 6-dimensional cases the connection to string theory is more complicated. 
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2. The many windows to string theory 

String theories can be constructed in different contexts. The standard approach so far 
was to construct fundamental string theories in terms of 2-dimensional <r-models. We will 
discuss conventional NSR ex-models here. 3 

In the NSR formulation, the cr-model fields, are either bosons (the embedding coor- 
dinates of a string) or fermions (fermionic coordinates associated with additional degrees 
of freedom). Gauge fields in two dimensions are essentially Lagrange multipliers in the 
continuum (CFT) limit. Therefore, two-dimensional quantum field theories in this class 
correspond to the NSR formulation in the superstring case. 

String backgrounds with non-trivial RR field are not naturally realized in this frame- 
work. The RR vertex operators are non-local in terms of the natural variables of the a 
models (string coordinates), and no technique exists so far to extract physics in this con- 
text. Such backgrounds are interesting as they are connected with holographic duals of 
gauge theories arising from the world volume of D-branes. 

Strings and gravity can also emerge from higher dimensional theories. A much studied 
example is four-dimensional gauge theories, where string coordinates are not the funda- 
mental fields, but strings appear through Wilson loops. In a sense we can think of strings 
arising this way as from a quantization of (D)three-branes. 

Other theories can give rise to strings. Among them are Chern-Simons-matter theories 
in three dimensions (related to M2 branes), or the more obscure 6-dimensional theories 
associated with M5 branes. 



2.1 Two-dimensional cr-models 

The general class of (cutoff) non- linear a- models in two dimensions is parametrized by 
backgrounds associated with massless (graviton, antisymmetric tensor, dilaton) or tachy- 
onic (potential) backgrounds in the bosonic case, while massive backgrounds correspond to 
irrelevant operators at weak coupling. In the case of fermionic strings more backgrounds 
are appearing. 

The relevant (dimensionless) coupling of the 2d-theory is the ratio of the string length 
£ s , to the volume scale t (volume = i D ) of the embedding space in the case of a compact 
embedding. In non-compact spaces, it is the relevant curvature scale that is replacing the 
volume. 

An independent dimensionless coupling is the string coupling g s , controlling the strength 
of interactions both at tree level and loop level. In a sense the loop expansion is not auto- 
matically included in the formulation of the a-model. An additional topological sum must 
be postulated on varying genus Riemann surfaces weighted by gj x where x ls the Euler 
number of the two-dimensional Riemann surfaces on which the a- model is defined. 

3 There have been several other two-dimensional approaches including Green-Schwarz (GS) cr-models, 
using space-time spinors that are anticommuting world-sheet scalars, the hybrid formulation, containing 
parts of space-time in the GS formulation and parts in the NSR formulation , as well as the pure spinor 
formulation, EH]. The GS formalism is tuned to space-time supersymmetric backgrounds while the others 
are still being developed and explored. 



-3- 



An important ingredient is conformal invariance, which is necessary if the theory is 
going to describe a continuum string theory. The relevant conditions for conformal invari- 
ance have a simple expansion at weak <r-model coupling. This expansion is equivalent to 
an expansion in weakly varying background fields. For example, the dilaton /3-function 
reads, [16| 



k> ( A, + \dA - D crit + h? s 



4(V$) 2 - 4D$ - R + ^H 2 



+ 0(£j) (2.1) 



where the critical dimension D crit is 26 for the bosonic string while it is 15 for the fermionic 
strings. Similarly, D^ are the number of bosonic coordinates while Df is the number of 
fermionic coordinates. 

At weak coupling, conformal invariance imposes the critical dimension: (Df, + ^-D/) = 
D cr it while curvature corrections are small and the backgrounds are slowly varying. Sub- 
critical strings, with (Ai + < D cr it quickly run to large curvatures and therefore to 
strong a-model coupling. The relevant "flow" equations (summarized by the two deriva- 
tive effective action) have AdS-like solutions, as the dilaton potential whose coefficient is 
D cr it — {Pb + \Df) has a positive sign. On the other hand, in the supercritical case with 

+ \Df) > Dcrit the equations have deSitter-like solutions. 

However, a models do not have an exclusive role in defining string theories. We 
know at least three other classes of theories that can be a priori used to define string 
theories: 3-dimensional conformal CS theories, 4-dimensional conformal gauge theories 
and 6-dimensional exotic conformal fields 4 theories that are poorly and only indirectly 
understood. In the sequel I will focus on four-dimensional gauge theories as an alternative 
source of string theories. 

2.2 Four-dimensional QFTs 

A weakly coupled four-dimensional QFT can be parametrized in terms of its vector, fermion 
and scalar degrees of freedom, gauge group and Yukawa and scalar couplings. UV complete 
theories are asymptotically conformal or asymptotically free. They will correspond to 
critical or subcritical string theories defined via 2d cr-models. 

To obtain continuum dynamics (and string theories) conformal invariance is necessary 
as in two dimensions. Weakly-interacting strings arise when the number of colors is large, 
§■ 

The type of space-times that arise in this context seem to be asymptotically AdS 
instead of asymptotically flat. Moreover, they also seem to always contain RR backgrounds, 
a feature that is prohibitive in the standard NSR cr-model approach. Indeed it was argued 



in generality in r?J that the pseudoscalars, dual to the instanton density, present in any 
continuum four-dimensional QFT arise in a RR sector due to their peculiar iV c -dependence, 
which in string theory translates to the peculiar dilaton dependence of RR-couplings. 

In the same vain such theories are superstring theories. They must contain fermionic 
degrees of freedom, so that they have RR sectors. On the other hand they may not contain 



4 In this case the relevant fundamental object is probably a two-brane that will provide strings upon 
compact ification. 
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space-time fermions, much like the conventional type-0 superstring theories, if there are no 
fermionic gauge-invariant operators, as it happens for example in pure Yang-Mills. 

In this context, the AdS/CFT paradigm suggests that the analogue of the string cou- 
pling constant here is the inverse of the number of colors g s ~ while the analogue of 
the cr-model expansion parameter (c/) is related to the 't Hooft coupling. For less sym- 
metric gauge theories, this role is played by the many other couplings, including Yukawa's 
and quartic scalar couplings. Unlike the cr-model formulation, the string-loop expansion is 
tightly interwoven in the definition of the theory as the large- N c expansion. 

There is another main difference with cr-models: there seems to be now a finite di- 
mensional space of couplings, at least in perturbation theory. Although this seems to be 
a major difference, this is probably an illusion. The reason is that (Euclidean) 2d CFTs 
have always a finite number of relevant or marginal operators. On the other hand in four 
dimensions there is an extra extension that does resemble somewhat the two-dimensional 
formulation: making the 4d QFTs couplings depend on the four-dimensional coordinates. 
There are a few works that have entertained this possibility starting with the standard YM 
case, ||, the N=4 sYM case, @ [H]], and the N=l sYM, @. There is also a recent 



study of fixed points induced by mildly space-time-dependent couplings, [23]. 
3. (3 functions for adjoint fields 

Critical theories should correspond to Conformal Theories. In perturbation theory the 
leading constraints appear at one loop 5 . The one-loop (3- function coefficient for the gauge 



coupling is given in the appendix in equation (A.l) and reads 

^G)-\S 2 (F)-\S 2 (S) + T l 



h = — C 2 (G) - -S 2 (F) - -S 2 (S) + jj^YiiF) (3.1) 



Here C^G) is the quadratic Casimir of the adjoint of the group capturing the contribution 
of vectors, and S2(F,S) are the Dynkin indices capturing the contributions of charged 
fermions and bosons (with opposite sign). Y^(F) is a contribution of Yukawa couplings 
that is detailed in equation ( |A.2|) of appendix [A|. The associated group representations can 
be anything, unlike the vectors that transform always in the adjoint. From now on we will 
assume that the gauge group is SU(N) for concreteness. No major changes are expected for 
other Lie groups. In particular as we will be interested at theories with a large number of 
colors, the other relevant groups will be Sp(N) and SO(N) groups. Not surprisingly, they 
will be associated with unoriented string theories. 

A look at the table |A| in appendix [A| is enough to convince us that matter represen- 
tations with Young tableaux with more than two boxes will completely overwhelm the 
contributions of the vectors at large N. Therefore, only fundamental and bifundamental 
representations are relevant for near critical theories. The leading contributions to the 
/3-function will be provided by matter in adjoints, symmetric or antisymmetric represen- 
tations. We will ignore in the sequel Q an d I I I representations for simplicity. They can 



5 This is also the case in the 2d cr-model where the leading contribution to the dilaton /?- function appears 
at one- loop, [124]. 
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be taken into account later. They appear again in unoriented string theories and they 
contribute as half-adjoints to the /3-functions to leading order in 1/N. 

We now consider the presence of N F Majorana fermions and N s scalars in the adjoint 
of SU(N) with no other interactions. The two-loop /3-function reads 

- - t£? {f - 1* - t} n - j£r { 34 " 16 " F " ™" } t + • • • (3 ' 2) 

We may add Yukawa interactions. We label boson adjoints by 7, J, • • • and fermion adjoints 
by Then Y-^Y^f^ and 

Y 4 (F) = ^l—N f C 2 {G) 2 dim{G)Y j yi ] y I] 3i = A^ 2 |Y 2 | (3.3) 

I, id 

The /3-function therefore becomes 

o 3 /V a 5 N 2 a 3 \Y\ 2 

m = -^)2 i 22 " W F - N s } - ±^ {34 - 16N F - 7N S } - ^N F N 2 • • • (3.4) 

We also define a 't Hooft-like coupling as A = to obtain 

B- 1 2A |y| 2 iV 

g = -- {22 - 4N F -N s }-— {34 - 16iV F - 7N S } - ™ F L±^ ■ ■ ■ (3.5) 

The one-loop piece is analogous to the one-loop piece in the a-model dilaton /3-function 
in fl2.ip . Like ([2.1|), scalars and fermions contribute with the same sign. Unlike ( |2.1| ) 
which is expressed in a covariant formulation, here we have the analogue of a "light- 
cone" formulation. In particular, intuition for the AdS/CFT correspondence indicates 
that the bosonic adjoint fields will become emerging extra dimensions beyond the four we 
started with. The vector contribution of 22, is the analogue of the reparametrization-ghost 
contribution in the u-model 6 . It would interesting if a "covariant" formulation exists in 
this context. 

Choosing the number of bosons as N s = 22 — AN F so that the one-loop /3-function 
vanishes we obtain 

B- - \Y\ 2 N 

-A = 8A {10 - N F \ - 2N F ^- (3.6) 

A2 1 ; (4tt)2 v ; 

For all possible values of N F = 0, 1, 2, 3, 4, 5 allowed by the one-loop condition, a fixed 
point may be obtained by adjusting the Yukawa couplings. However, as was argued in p7| , 
using holographic input about the conformal anomaly, it is highly plausible that the only 
perturbative fixed point with adjoints only is in the family of N = 4 sYM. All other fixed 
points are expected at strong coupling, and at large-N we expect to have (super)-gravity 
duals. 

We now proceed to investigate several individual cases. 



6 The vanishing of the one-loop /3 function of a gauge theory with scalar adjoints and the connection to 
26 "dimensions" was first observed in j25), where it was pointed out that D-dimensional YM Theory has 
a vanishing leading correction to its coupling constant for D = 26. This property was later related in |2(| 
to the special properties of open string theory in D=26 dimensions. The holographic argument linking the 
one-loop /3-function to 26 dimensions seems different here. 
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N s = 22, N F = 

This theory contains only bosons. The maximal global symmetry here is 0(22), under 
which the scalars transform in the vector. There are no Yukawa couplings in this case 
but only quartic scalar coupling. 

In a holographic incarnation of conformal invariance it is expected that the 0(22) 
symmetry will be geometrically realized by the emergence of an S 21 manifold. Along 
with an AdS§ realizing conformal symmetry a total of 26 dimensions are emerging, 
reminding of the critical dimension of the bosonic string. 

The string theory dual to the gauge theory cannot be a purely bosonic string theory, 



though. As argued extensively in | I7| , in all four dimensional gauge theory duals, 
the pseudoscalar state (axion) dual to the instanton density, must be a RR state, as 
defined by the dilaton dependence of its bulk couplings. The presence of RR states 
indicates a superstring rather than a bosonic string. Of course, the theory in question 
has only bosonic gauge-invariant operators and therefore the dual superstring theory 
should not have any space-time fermions (as it happens in type-0 theories). 

The two loop /^-function here is not affected by the quartic couplings and has an IR- 
free sign. However there are AF contributions at three-loops. Therefore the theory 
is unstable at weak coupling and this may be a signal of a tachyon in the dual string 
theory. 

N s = 18, Np = 1. The maximal global symmetry this theory can have is an 0(18) 
for the bosons as well as a U(l) for the fermion. The fermionic U(l) is however 
anomalous and one is remaining with the 0(18) symmetry. If a fixed point is realized 
at strong coupling without Yukawa couplings then the dual background is expected 
to be AdS§ x S 17 with a total of 22 dimensions. The presence of Yukawa couplings 
will introduce an additional 18-dimensional vector and will break 0(18) — > 0(17). It 
is expected that this will induce a fibering of an S 1 over S 16 with a radially dependent 
fiber. 

This theory now is expected to have fermionic gauge-invariant operators with simplest 
ones being spin-1/2 fermions that are bound states of the adjoint fermions and the 
scalars. 

N s = 14, Np = 2. The maximal global symmetry here is an 0(14) symmetry acting 
on the scalars, as well as a U(2) symmetry acting on the fermions. As usual the U(l) 
part is anomalous and therefore the surviving fermionic symmetry is SU(2). Were 
it not for the fermionic symmetry an unbroken scalar symmetry would generate an 
AdS§ x 5* 13 background with in total 18 dimensions. The presence of Yukawas will 
embed the SU(2) inside 0(14) and will induce a radial fibering of S 3 x S 10 over S" 13 . 
This theory also has space-time fermions. 

N s = 10, Np = 3. The maximal global scalar symmetry is here 0(10), while we have 
a non-anomalous SU(3) symmetry of the fermions. The scalar symmetry suggests a 
maximal AdS§ x S 9 background in 14 dimensions. This symmetry will be deformed 
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by the presence of Yukawa couplings. In this case they will embed £{7(3) — > SU (5) — > 
O(10), which suggest that solution will contain a fibering of sufz)><U{i) x i ns ide 
S 9 . 

• N s = 6, Np = 4. This case contains maximally supersymmetric YM theory, and is 
probably the only one that exists at weak coupling. The maximal scalar symmetry is 
0(6) and the non-anomalous fermionic one SU(4). The Yukawas identify these two 
groups that are realized geometrically on an giving a ten-dimensional AdS§ x 5* 5 
background. This provides standard critical superstring theory as well as maximal 
super symmetry, although many other ten-dimensional backgrounds provide CFTs 
with or without supersymmetry. 

• N s = 2, Np = 5 This is the case with the maximal number of fermions. The maximal 
fermionic symmetry is SU(5) while the maximal bosonic symmetry is 0(2). The 
minimal realization of the SU(5) symmetry is on the siJ S {i)xU(i) eight-dimensional 

coset. Therefore the expected background is AdS§ x su S (A)xU{i) anc ^ * s thirteen- 
dimensional. The presence of Yukawa couplings will induce an radial fibering of an 
S 1 in the Grassmannian coset. 

We observe, that in all cases but the supersymmetric case the expected (super) string 
theory backgrounds are superficially supercritical (meaning they have D > 10) although 
the one loop contribution vanishes. This suggests the presence of tachyons (associated with 
IR-free running) at weak coupling. 

The a — c conformal anomaly near the weak coupling fixed point can obtained from 
the general expressions 

_ 2M S + 11M/ + 124M„ _ M s + 3M f + 12M V 

a ~ 720(4vr) 2 ' C ~ 120(4tt) 2 ( } 

where (M s ,Mf,M v ) is the total number of (real)scalars, Majorana fermions and vector 
degrees of freedom respectively. Its value for the adjoint theories in question suggests that 
only the supersymmetric D=10 setup with (N s = 6, Nf = 4) has a — c = and therefore a 
conventional string dual once the coupling is strong. In all other cases, the knowledge of 
a — c at a strong coupling fixed point is not known. 

We cannot exclude at this point that the strong coupling fixed point, has a-c / 
which would suggest that the dual string theory does not have ana'-s-O limit. Such non- 
geometric string theories have been argued to exist some time ago, in the NSR framework, 



1 28], motivated by the existence of CFTs without moduli. A similar phenomenon may be 
also relevant for string theories with RR backgrounds. 

Another issue in the cr-model formulation of string theory is that the presence of world- 
sheet fermions must be accompanied with world-sheet supersymmetry, necessary to remove 
the negative norm degrees of freedom. No way out of this has so far been found, although 
no proof that it cannot be done otherwise has been given either. In the gauge theory 
formulation there seems to be no such constraint in the presence of adjoint fermions. The 
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reason may be that the gauge theory description is closer to the space-time effective action 
description where supersymmetry is not necessary. 

Another observation is that the different cases of string dimensionalities discussed 
above do not seem to be connected via standard RG flows. At least perturbatively decou- 
pling massive fields seems to connect these cases to IR-free ones. It is harder to make a 
statement beyond perturbation theory, and it is a very interesting question whether there 
are non-perturbative RG connections. 



4. Generalized Banks-Zaks fixed points, dressing and flavor-brane con- 
densation 



The supercritical backgrounds above, with the exception of the 26-dimensional one can be 
rendered conformally invariant in gauge perturbation theory upon addition of fundamental 
matter. In the string theory picture this amounts to introducing flavor branes. [29|. 

Banks and Zaks have argued long-time ago, |30| that theories where the one-loop 
coefficient of the /3-function can be made hierarchically smaller and of opposite sign from 
the two-loop coefficient, have a perturbative fixed point. 

We consider the gauge theory without Yukawa or quartic scalar couplings. Therefore 
the flavor branes should be thought of as coincident with the 3-branes in the dual string 
theory picture. The general /3-function coefficients are given in ( |A.1[ ) and ( |A.2j ). We will 
look for situations where the one-loop coefficient of the /3-function can be made hierarchi- 
cally smaller and of opposite sign from the two-loop coefficient, [p0[|. We define the integer 
D as 

-£ , 0< D <22 (4.1) 
6 6 bo 



We include in the gauge theory rip fundamental fermions and n s fundamental scalars. We 
choose their number so that the integer e is positive and 0(1). 



D „ 2 n s £ „ 

bi = —N--n F = - > 

6 3 6 6 



(4.2) 



This can be easily achieved when N is large. 
Then 



34 - 16iV F - 7iV s 13 ' 
3 12 



N 2 



n 



(N 2 - 6) + O , 
4iV V ; \N 



(4.3) 



50 + 4^ + 5^ ^ 
4iV 



for N > 1. 



For i < 1 there is a Bank-Zaks-like fixed point at 



+ +0 [ - ) < 



A* 



glN 



Ne 



(4vr) 2 (4vr) 2 3 (50 + AN F + 5i¥ s )iV 2 + jt(N 2 — 3) 



(4.4) 
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The case associated with the maximal emergent dimension is obtained for Np = 0,N S = 21, 
where D = 1 and I = N — Anp — n s This can arranged for example by taking np = and 
n s = N — 1, so that I = 1 and 

A ' 2 ' ' +0(iV- 2 ) (4.5) 



(4vr) 2 3 5 5iV + (jV-l)^ 8 4iV 

This is a reliable fixed point in perturbation theory at large N. 

These arguments suggest that for each choice of adjoints so that the one- loop f3- function 

is negative, there should be an associated conformal window, in analogy with that of 

generalized QCD. It therefore provides a finite set of families of conformal theories labeled 

by (Np,N s ). As discussed in appendix ^, by varying the masses of the fundamentals, one 

can interpolate between the BZ-like fixed points and the AF theories parameterized by 

(Np, N s ) with exponentially small scales. At large N c this is generic and such theories may 

-i 

still be considered continuum string theories, albeit with a graviton mass m g ~ ess that 
is exponentially small in perturbation theory. This is rather district from graviton masses 
that scale as m g ~ g s associated to string theories interacting with multi-trace interactions 



We may calculate the values of the central charges (controlling the conformal anomaly) 
for such fixed points from ( |3.7D to obtain 



2880(4vr) 2 (a - c) = 9(6 - N S ){N* - 1) - (9n s - 7£)N C - 7 (4.6) 

Choosing n s ~ (6 — N)s)N c + 0(N®) we obtain a — c ~ 0(N®) in the weakly coupled theory. 
If, like in N=l sQCD the a — cm the IR CFT is independent of flavor, such theories would 
be candidates for a weakly curved string theory dual. 

The contribution of fundamentals in rendering the gauge theory conformally invariant 
is reminiscent of the role of the Liouville mode in subcritical string theory but is distinct 
in its details. 



5. Identifying the string 

There are important differences between 2d c-models and 4d gauge theories when it comes 
to identify the string degrees of freedom. In the first case, the 2d quantum fields are directly 
identified with the coordinates of the string, X M (and their fermionic partners ip M when 
present). In the 4d case the relation is less direct. The natural (gauge invariant) string 
degree of freedom in a gauge theory is the Wilson loop 

W{C) = Tr[Ve^c A ^^ ds ] (5.1) 

However, this is a (closed) loop in 4 dimensions. A generalization of the Wilson loop in 
the general gauge theory is necessary in order to capture the extra (emergent) dimensions 
expected in the dual string description. In the simplest case with 22 adjoint bosons only, 
(j) 1 , the generalization of the Wilson is following studies in the AdS/CFT correspondence, 

W(C) = rr[Pe'^( A c( I ( s ))9 s I ' 1 +EEi ^(x(s))9 ; (s))rfsj ^ 5 _2) 
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Now the path C is a path in a 26-dimensional space spanned by the 4 standard space-time 
dimensions as well as 22 extra dimensions x with dgX 1 = 9 . As the associated Wilson 
loop in the AdS/CFT correspondence is pointing to a Wilson loop in ten-dimensional super- 
YM, similarly here the generalized Wilson loop in (5.2) is suggestive of a Wilson loop in 



26-dimensional pure YM theory, as anticipated for different reasons in [25|. 

The Wilson loop can then be converted into an analogue of the first quantized action 
for string propagation by considering the amplitude for a Wilson loop Ct, at time t to evolve 
to C t > at time t' , 

(W(C t )\W(C t ,)) c = J VA^Vcj) 1 e ~ s ^ thc -y (5.3) 

The case where adjoint (Majorana) fermions (I is a multiplicity index, a is a spinor 
index) are present is a bit trickier. The intuition coming from the AdS/CFT correspondence 
suggests that the fermion number symmetry associated to the fermions should be realized 
geometrically and therefore from the 4-dimensional point of view the fermionic number 
symmetry should be a Kaluza-Klein symmetry. 

Therefore, a Wilson loop in order to wander in this extra "fermionic dimension", it 
must have non-trivial fermion number. The simplest such Wilson loop (of length (= charge) 
m), that wanders in a single fermionic dimension (that is associated for example with i/j 1 
is therefore 

W f (m) = Tr «« • • • <J (5-4) 

Each of the adjoint fermion operators above transforms in the 0) representation of the 
Lorentz group. There are several ways of contracting spinor indices that make Wf a 4d 



scalar. The operators in (5.4) are of the same type as the long-string operators that have 
been discussed in the context of the standard AdS/CFT correspondence. In any gauge 
theory a common set of operators are generated by powers of the YM field strength as 

W F (m) ee Tr (F^F^ ■ ■ ■ F^ U J (5.5) 

A basis of self-dual (1,0) and anti-self-dual (0,1) components can be chosen as, [34| 

F^= 4b + <V* fop (5-6) 



^a 2 (a^a u - a v a^) , = -^-(oyjj, - a u a^)a 2 (5.7) 



with 



Unlike ( |5.4[ ) the individual "string bits" in ( |5.5[ ) have SU(2) spin 1 instead of ^. 

As shown in [34], the mixing of the operators ( |5.5| ) in pure YM theory is described by 
an integral spin chain where two types of spins are involved: and SU(2) spin 1/2 where 
(/, /) transform as a doublet and a SU(2) spin 1, reflecting the spin content of the (1,0) 
and (0,1) representations of (/,/)• Intuition from the N = 4 super YM and the AdS-CFT 
correspondence suggests that the full dynamics of the long "string-bit" operators in the 
continuum limit gives the non-linear string cr-model. 

We have given earlier a general argument that the string theories dual to 4d gauge the- 
ories are "superstrings" with fermionic world-sheet degrees of freedom. From the discussion 
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above we do expect world-sheet fermionic degrees of freedom as they arise in general in 
the continuum limit of spin chains. This is a hint that the world-sheet description of the 
emergent strings theory involved fermions (superstrings) or their duals (spins). Indeed, in 
an NSR formulation, the vertex operators for RR states are spin-fields expected to emerge 
from a continuum limit of spin chains. 



6. Discussion 



We have made an analogy between NSR cr-models in two dimensions and gauge theories 
in four dimensions, in terms of their ability to define continuum string theories. Based on 
this analogy we have argued for the existence of novel (super)string theories in discrete 
dimensions lower than 26. 

Most of the requisite fixed points we are after are at strong gauge coupling and are 
therefore unknown. We have managed to construct however non-trivial fixed points in all 
dimensions but 26, using the BZ idea (implying the condensation of flavor branes in the 
dual string theory picture). 

At weak gauge coupling the dual string theories are expected to be strongly curved, but 
we have given evidence that there may be examples also of weakly curved duals. Proceeding 
further and unraveling such theories is a non-trivial challenge. 

An interesting question is whether there is an expansion in gauge theories that is 
the analogue of the a model expansion in (^j]) at the two-loop order and beyond. To 
do this one would have to turn on the natural space-time dependent couplings of the 
marginal (massless) operators of YM theory. The generic such operators are classified by 
the Young tableau of 0(4) and are quadratic in the field strength. They are Tr[F^ u F pa ] 



minus all traces ( 
Tr[F w F v P 



- [IV 



density (a pseudo-singlet), Tr[F A F], ( 



, as well as the "traces" associated with the traceless stress tensor 
jr]^ u Tr[F 2 ], ( | | | ), the action Tr[F 2 ] (singlet) and the topological 

The 



operator does not correspond to 



a "massless" state as we understand from the AdS/CFT correspondence, but for all the 
others we can turn on space-time dependent couplings that are the space-time metric g pu , 
the gauge coupling constant (alias the dilaton, e^) and the 0-angle, (alias the axion). We 
will therefore consider an action of the form 



Sym = ~\ j d A x^/gTr 



y y r fiu r pa 



(6.1) 



with (f>,9, g^y slowly varying functions of x. The scale and Weyl invar iance, in the presence 
of non-trivial space-time dependent couplings (or sources) has been partly analyzed in the 
recent past, [ 



[21]. 



The variation of the effective functional W of a 4d QFT in the presence of sources gi 



( space-time dependent couplings) has the following general form, [18] 



J d A x^g 



a 



(6.2) 
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where a is the infinitesimal parameter of a conformal transformation. The local terms 
depending on the metric and couplings are 



L c = PaW 2 + foGB + ^ C R 2 + \x\d^R + \x%d„ 9i d^ gj R + \x%d li g i d v g j G^+ (6.3) 



+\xip9i^9j + ^xljkdtigid^gjOgj + ~xfjkl d »9id f± 9jdi J ,gkd ft gi 



with 



W 2 = R^paRW* - 2R IXV R" V + ^R 2 , GB = R^ pa R^' pa - AR^R^ + R 2 (6.4) 

G^v = R^iv — -^Rg^u (6-5) 

The terms appearing in can be removed by redefinitions of the couplings as well as of 
the functional W, and we will assume that they are zero from now on. The various terms 



appearing in (|6.3| ) are constrained by the abelian nature of the Weyl transformations, [18]. 



For the pure YM theory in ( |6.1[ ) a one-loop calculation gives, [19|, after redefinitions 
ic = Tib - 2G *^f - f V<VV„,) + <^>! + (6 . 6 ) 

WVrV ^fVyf - ( WV M r) 2 



+ 



48/m-r 4 



where 



r = — + 4vrie-* , D 2 t = Or + — ^— V^rV.r , D 2 f = Of - — ^— Vf V„r (6.7) 
Z7r Jmr Jmr 

At this order the SL(2,R)-invariance is manifest. 

In the two-dimensional formulation of string theory, such equations are equivalent 
to the space-time equations for the background field. The situation in four dimensions 
seems different. The Weyl anomaly equations above do not contain all the emergent string 
dimensions and the associated generalized background fields. They do capture however 
the divergent terms of the on-shell bulk effective action in the higher dimensions, via the 
usual AdS-CFT correspondence. Therefore, formulae like ( |6.3j ) or ( |6.6| ) give constraints on 
the bulk effective action. It is unclear at the moment whether they can determine with 
precision the bulk effective action. 

The general procedure of holographic renormalization in the presence of several bulk 



fields, [35] maps the bulk action (with two derivatives) to the generalized conformal anomaly. 
Moreover in this formulation, the quadratic and quartic divergences are manifest 7 . The 
calculation of the finite parts (namely to leading order the effective potential for scalars), 



1 36] indicates that contains apart from regularity of the holographic solutions the same 



information as that necessary to compute the divergent parts. This suggests that in the 



7 These are absent from (3.2), (3.3) as such calculations are done in dimensional regulation that is not 



capable of capturing power divergences. 
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context of holography, the generalized Weyl anomaly in four dimensions including all diver- 
gences may be able, as in two dimensions to generate the on-shell bulk (string) dynamics, 
once an ansatz is made for the higher-dimensional effective string theory. If this turns 
out to be correct, it will put the four dimensional case on a par with the standard two 
dimensional formulation. 
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Note added 



After this work was posted on the Archive, A. Tseytlin has informed us of past work 
in some of the issues advocated here. In particular, earlier observations of a connection 
of the the one-loop /3-function to 26 dimensions and the open bosonic string, 



j , 26 1 as 

well as work on the conformal invariance of 4d gauge theories in the presence of space-time 



couplings, 1l8|l-[|21 
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APPENDIX 

A. Gauge theory /^-functions 



The (3 function for the gauge coupling constant is to two loops, [32 



ff 5 f 34 



-{C 2 {G)f 



10 



2C 2 (F) + -C 2 {G) 



S2(F) 



1 



2C 2 (S) + -C 2 {G) 



S 2 {S)\+--- 
(A.l) 

where F is the fermion representation (two-component spinors), S the (real) scalar repre- 
sentation, and Y^(F) is the contribution of possible Yukawa couplings 

1 



Y,{F) 



dim(G) 



Tr[C 2 (F)Y a Y a ^} 



(A.2) 



In particular for the Yukawa coupling Y$, a labels boson representation indices while i,j 
fermion ones. 

We use hermitian representation matrices for the color group G satisfying 

m,T b R ]=if ab c T c R (A.3) 
in the representation R. The quadratic Casimir C 2 {R) of the representation R is defined 

(A.4) 



as 



( T R T R)ij - C 2 {R)8ij 

It should be distinguished from the Dynkin index S 2 (R) defined 

Tr[T^T b R ] = S 2 (R)8 ab 

They are related by 

d{G)S 2 {R) = d{R)C 2 (R) 

where d(R) is the dimension of R and d(G) is the dimension of the adjoint. 
We have the following relations 

f acd f b cd = C 2 (Gur 

which defines the normalization convention and 



ab 



(A.5) 
(A.6) 

(A.7) 



1 



-if abc T^T R T c R = -C 2 (G)C 2 (R) , T a R T» R T a R T R 



C 2 (R)--C 2 (G) 



C 2 {R) (A.8) 



and 



-ir d Tr[T b R T c R T*] = -C 2 (G)S 2 (R)5 ab , Tr[T%T c R T b R T c R ] 



C 2 (R)--C 2 (G) 



S 2 (R)5 



ab 



(A.9) 

The values for these indices for low lying SU(N) representations can be found in table [A]. 
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Representation 


Li-LLl-LC/XXoJAJIXl 


Tivnlfin Tn H p"v .to 
i j y iixviii liiucA lJ j, 


Casimir C 2 




□ 


N 


1 

2 


iv —1 
27V 


m 


N(N+1) 
2 


N+2 
2 


(JV-l)(iV+2) 
iV 








N(N—\) 


N—2 






E 


1 


2 


2 


AT 


Adjoint 


N 2 -l 


N 


JV 








N(N+l)(N+2) 


(N+2)(N+3) 


3(JV-l)(JV+3) 








1 


1 


1 1 


6 


4 


2N 


















N(N 2 -1) 


N 2 -3 


3(iV 2 -3) 








3 


2 


2JV 








JV(JV-l)(JV-2) 


(N-2)(N-3) 


3(JV+l)(AT-3) 








6 


4 


2iV 



Table 1: Relevant data for some low- lying SU(N) representations 



A.l j3 functions for fundamentals and adjoints 

We will now consider an "orientable" spectrum containing apart from the gauge field in 
the adjoint of SU(N), Nf Majorana fermions and N s (real) scalars in the adjoint of SU(N), 
as well as rip fundamental fermions+antifermions and n s fundamental scalars+antiscalars 
with no other interactions. The j3- function ( A.l ) now reads 

g 3 , _ _J? , , 7 . 
(4vr) 2 1 (4vr 



M = -7hvl h i - if^ 2 + O(g') (A.10) 



with 

N 2 fN 2 -l 10 \ fN 2 -l N\ 

b 2 = {34 - 16N F - 7N S } -y-n F I — ^ + - iVj - n s f — j^- + y J (A. 12) 

We now add Yukawa interactions for the adjoints. We label boson adjoints by I, J, ■ ■ ■ 
and fermion adjoints by Then Y la bi,cj — > Y/jf a bc and from ( A. 2 ) 

Ya{F) = ^^) C2{G)2dim{G) T, Y i Yli ^ = N2 \ Y2 \ (A.13) 

I,i,3 



The adjoint Yukawa contribution to the /3-function therefore becomes 

9 3 \Y 

(47T) 



*M = -Trt*P''' (A.14) 



It can cancel positive contributions coming from the C , (fl' 5 ) terms. 

We now move to the /3-functions for Yukawa couplings. At one-loop 

(4tt) 2 ^ = -Y%{F)Y a + ^Y a Y 2 (F) + 2Y b Y a ^Y b + Y b Tr[Y b ^Y a ] - 3g 2 {C 2 (F),Y a } (A. 15) 

where 

Y 2 (F) = Y^ a Y a , Y 2 (S) = Tr[Y ]a Y b ] = Y 2 (S)5 ab (A.16) 
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For the adjoint couplings we obtain 



N s N F 



Y 2 (F) iaJb = -C 2 (G)5 ab M l0 , Mij = E E Y !k Y kj = E E( y fc')*^ ( A - 17 ) 



1=1 k=l 



1=1 k=l 



Y 2 (S) Ia ' Jb 
and we also have 



Np Np 

-C 2 (G)5 ab N IJ , N IJ = y ' Ay " = E l Y l' Y n 



tea f d fb 

c 2 (G) 

J dJbe J f c — ^ J ef 



(A.18) 



(A.19) 



and substituting in ( A.15| ) we have 



(4vr) 2 (/3 1 )f J = 



N 
2 



Np N a Np 

J^iM^ + YlM k] ) + 2 ^ ^ Y d( Y ilT Y ij + 2 E Y 4 N 
i=i j=ik,i=i j=i 



There can be also quartic couplings 



V 4 = Xa ^ d $ a $ fe $ c $ d 



-6g 2 NY/ j 



(A.20) 



(A.21) 



The case A2 = — Ai, A3 = A4 = corresponds to the potential of J\f = 4 SYM. We will 
ignore the double trace terms in the sequel. The one-loop /3-function is 



{^Yf^abcd = Khcd ~ 4H abcd + A^ bcd - 3g 2 A^ bcd + 3g 4 A abcd 



with 



Aabcd = \ E {T A ,T B } ab {T A , T B } cd , H abcd = \Y, Tr[Y a Y^Y c Y d ^] 



(A.22) 



(A.23) 



perm 



perm 



^abcd - g E ^abefKfcd , A^, cd = ^ Y 2 (/c)A abc(i , Af 6cd = ^ C 2 (k)\ abcd 
perm k=a,b,c,d k=a,b,c,d 

(A.24) 

where the permutation sum is over the 4! permutations of the indices a, b, c, d. 

Here as there are no fermions the H abcd and JSX, . terms as absent. We parametrize 



^ia,jb,Kc,Ld = [\\5ij5kl + X 2 SikSjl] Tr[T a T b T c T d ] sym 



(A.25) 



with T£ = /V 
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B. IR-Modified Banks-Zaks theories 



We will investigate in this appendix the modifications to the BZ story of section || once the 
fundamentals are massive. To consider a naturally RG stable setup we will assume that 
the fundamental fields are fermions. 

We will first start by writing again the BZ /3-function and the associated flow. This 
assumes that the fundamentals are massless. We use as variable, A = ffp 

f3 BZ (\) = -e\ 2 + h\ 3 + --- , (—L--l\ e ^ = (^) k (B.l) 



In the BZ region, e = (^) < 1, K = 0(1). We have 



-1 e 2 



e log ^ 6* 6* V A 

The scale A is controlling the flow to the BZ fixed point, and the associated gauge theory. 
At n <C A the theory is in the scaling region of the IR fixed point. At fi 3> A the theory in 
the AF region controlled by A. 

We now consider the fundamentals having a common mass to. Qualitatively, for /i>m 
the flavors are effectively massless, and the flow is as above. Below to however the flavors 
decouple and the theory is asymptotically free with a one loop f3 function bo = 0(1). In this 
regime the flow is controlled by a YM-like /3-function. We will assume a sharp transition 
at \x = to to simplify the flow. For \i <C m we obtain 

p YM {\) = -b \ 2 + • • • , * = * +6 l O gii (B.3) 

X(fi) A(m) m 



where A(m) is evaluated from the BZ flow 



I 1 I e*^M = [^Y* (B.4) 

\h\(m) J Va; 

In this case the theory in the ultimate IR is AF, and the coupling is driven to infinity. 
We can calculate the effective IR scale associated with the AF running of the coupling as 



Air = m e b oM™.) (B.5) 



We will now estimate the range of A/# as a function of ^. 
For ? < 1, we use (GO) to obtain 



A IR ~ m e ^ , — < 1 (B.6) 



while in the opposite regime 



A V A / ' A 



> 1 (B.7) 
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We observe that in the BZ regime e <C 1, for low masses, one obtains a YM scale 
hierarchically smaller than m. From this point of view when m <C A, the quarks are 
"heavy" from the point of view of IR YM theory as they satisfy m 3> Am. In this theory 
the spectrum of low- lying glueballs is expected to have characteristic masses of order Am 
while the mesons will have masses of order m. 

The theory is AF in the perturbative regime, then flows very close to the perturbative 
BZ fixed point up to energy m, where the coupling starts to go away from the BZ fixed 
point theory and to flow to the YM IR. When m <C A the energy region A > i? > m is a 
"walking" region for the gauge theory. The theory is AF and perturbative between the m 
and Am scales. The three scales A, m and Am can be naturally chosen to be exponentially 
away one from the other. 

Once we leave the BZ regime, and while we are in the conformal window, we expect 
the picture above to persist, although now the two scales Am and m will be of the same 
order of magnitude. 
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